By X(n), n 1, we denote the n-th symmetric hyperspace of a metric space X as the space of non-empty finite subsets of X with at most n elements endowed with the Hausdorff metric. In this paper we shall describe the n-th symmetric hyperspace S has the homotopy type of S n−2 if n is odd (see Andersen et al. (1993) [2]). Then we can determine the homotopy type of S 1 (n) and detect several topological properties of S 1 (n).
Introduction
As an interesting construction in topology, Borsuk and Ulam [3] introduced the n-th symmetric hyperspace of a metric space X , denoted by X(n). Namely X(n) is the space of non-empty finite subsets of X with at most n elements endowed with the Hausdorff metric. They showed that for n = 1, 2, or 3, I(n) is homeomorphic to I n , denoted by I(n) ≈ I n , and for n 4, I(n) cannot be embedded into R n . Following them, many authors have considered topological structures of X(n).
For example, Molski [10] showed that I 2 (2) ≈ I 4 and for n 3 neither I 2 (n) nor I n (2) can be embedded into R 2n . In this direction Schori [12] investigated a characterization of spaces of the type I m (n) by using suitable equivalence relations. In particular, he gave a description of I(n) as the product space c(D n−2 ) × I, where D n−2 = {A ∈ I(n): 0, 1 ∈ A} and c(Z ) is the cone over a topological space Z . Moreover Andersen, Marjanović and Schori [2] studied the spaces D n and showed that D 2 is homeomorphic to the dunce hat [14] , in general, D 2n is contractible but not collapsible, and D 2n+1 has the same homotopy type of S 2n+1 . They call the spaces D 2n , n 2, higher-dimensional dunce hats.
Turning toward the spaces S 1 (n), Wu [13] proved that S 1 (2n + 1) has the same homology groups as the (2n + 1)-sphere S 2n+1 and H 0 (S 1 (2n)) = H 2n−1 (S 1 (2n)) = Z and H i (S 1 (2n)) = 0 if n = 0, 2n − 1. In [5] Bott corrected Borsuk's statement [4] and showed that S 1 (3) ≈ S 3 . In this paper we shall give a description of the spaces S 1 (n) by using the identification spaces D m . Thus, As its consequences we shall give an alternative proof of Bott's theorem and show several interesting properties of S 1 (m). We note that the space X(n) is often called symmetric product or symmetric potency of a space X , for example, by BorsukUlam, Schori, and many people or by Borsuk and Bott, respectively. However, we have another type of symmetric products and the notation is widely known. Thus, given a topological space X and n 1, the n-th symmetric product of X , denoted by SP n (X), is defined as the space of orbits of the action of the symmetric group S n on the product space X n . Thereby in order to avoid any confusion we introduce a new name to the space X(n) "n-th symmetric hyperspace". We shall mention some relations between two notations.
By definitions it is clear that X(2) is homeomorphic to SP [9] showed that the n-sphere, n 2, cannot be embedded into the n-th symmetric product SP n (X) of any curve (= one-dimensional continuum) X . Here we pose the following problem: Problem 1.4. Is the n-sphere, n 4, embeddable into the n-th symmetric hyperspace X(n) of a curve X ?
Preliminaries
Notation 2.1. Let denote the set of all natural numbers, integers and real numbers by N, Z and R, respectively. Write
2 + y 2 = 1} and the n-th product of S 1 by T n . Define q : I → S 1 by q(t) = (cos 2πt, sin 2πt) and q n :
). For convenience we specify the following symbols: For 0 s < t 1 
Let p X(n) : X n → X(n) be the projection. We write
Lemma 2.4.
(1) Both r n : n → S 1 (n) and r n : n → I(n) are surjective. Proof. It suffices to show that for each point 
Lemma 2.6. For every n ∈ N with n 2, r n (
Proof.
Lemma 2.7. Let 0 < t 1/2 and n ∈ N with n 2. Then, r n (
Proof. We may assume 0 
(t)
The cone of a metric space X is the identification space 
We call the identified points of X × {−1} and X × {1} the suspension points of Σ X .
Here we may identify the cone c( n 0,1 (t)) with the geometric cone of n 0,1 (t) with the vertex a 0 (t) and write c(
We note that c(
Thus, (3.1) and Lemma 2.4(3), we similarly have that
Similarly we have that r n ( n 1 (t)) is homeomorphic to the cone c(r n ( n 0,1 (t))) with the cone point r n (a 1 (t)). 2
) with suspension points r n (a 1 (t)) and r n (a 0 (t)).
Proof. By Lemma 3.1 it suffices to see that r n ( 1 (t) ). As the converse relation is clear, we have that r n (
Proof. We show only r n ( (1/2) ). Similarly, we can show that r n ( 1/2) ), which proves the desired equation. 2 Fig. 3.4.1.  Fig. 3.4 (1/2) ). 
Proof. We consider the subset of
R n (1 − s)c + sx: x ∈ n (t), 0 s < γ t , where c = a 0 (0) = (1/2, 1/2, . . . , 1/2) and γ t = (1 − 2α t ) −1 = (2t) −1 .
Suppose that for points
x = (x 1 , x 2 , . . . , x n−1 , x n ), x = (x 1 , x 2 , . . . , x n−1 , x n ) ∈ n (t) there exist 0 s, s < γ t such that (1 − s)c + sx = (1 − s )c + s x . Then, (1 − s)/2 + sx i = (1 − s )/2 + s x i for all i = 1, . . . ,n. In particular, ((1 − s)/2 + sx 1 , (1 − s)/2 + sx n ) = ((1 − s )/2 + s x 1 , (1 − s )/2 + s x n ). If s = 0, s = 0 or x 1 = x n = 1/2. If x 1 = x n = 1/2, then x 1 = x 2 = · · · = x n−1 = x n = 1/2. It follows that x / ∈ n (t),
c ( n (t)) of n (t).
Therefore we can denote our set as follows
Next we show that Fig. 3.4. 2). Then we define x i = (1 − λ)/2 + λx i for each i = 1, . . . ,n and consider the point
n . Since we clearly see that α t x 1 · · · x n β t , and x 1 = α t or x n = β t , x ∈ n (t).
Suppose that μ γ t . If x 1 = α t , then
a contradiction. Thus, we see that 0 < μ < γ t . Hence x ∈
• c ( n (t)), and Let 0 s < γ t and x ∈ n (t). Then
For any
Next we consider the case when there exist points y, z ∈ n \ n (1/2) with r n (y) = r n (z) = r n (c). Then as seen as in the above, there exist y , z ∈ n (t) and λ, λ ∈ [0, γ t ) such
Then as seen as in the above, λ = λ . Hence, if y i = z j for some i, j, y i = z j . Therefore r n (y ) = r n (z ). Moreover, we note that λ = λ implies y, z ∈ n (t ) for some t ∈ [0, 1/2). Hence the identity map 
Theorem 3.6. Let 0 < t 0 < 1/2, n ∈ N and K = t 0 t 1/2 r n ( n (t)). Then there exists a deformation retraction from K to r n ( n (1/2) ).
where
Let us consider the set y n ) and μ = ν. Hence we have that x = y. This shows that Z is homeomorphic to n (1/2) × I and n (t 0 ) × I (see Fig. 3.6.1) .
Next we show that
we can easily find λ ∈ I and (
. . ,n, we have the points
This shows that μ ∈ I and Y ⊂ Z . Hence t 0 t 1/2 n (t) = Z and r n (Z ) = K . Moreover, we essentially show that n (1/2) = {x : x ∈ n (t 0 )} and there exists the natural homeomorphism F :
for each x ∈ n (t 0 ) and each u ∈ I. It is clear that 3) and (3.4) ,
n (r n (x)) and any μ ∈ I we can see that r n (H(( /2) ) and Let us define In case of n = 3 Theorem 3.4 implies the more precise description as follows: 6. Application: S S S 1 (n) is not an n-manifold for each n 4 Notation 6.1. 
